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Abstract—We consider the spectrum sharing problem between
a set of device-to-device (D2D) links and multiple co-located cellu-
lar networks. Each cellular network is controlled by an operator
which can provide service to a number of subscribers. Each D2D
link can either access a sub-band occupied by a cellular subscriber
or obtain an empty sub-band for its exclusive use. We introduce a
new spectrum sharing mode for D2D communications in cellular
networks by allowing two or more D2D links with exclusive use
of sub-bands to share their sub-bands with each other without
consulting the operators. We establish a new game theoretic model
called Bayesian non-transferable utility overlapping coalition for-
mation (BOCF) game. We show that our proposed game can be
used to model and analyze the above spectrum sharing problem.
However, we observe that the core of the BOCF game can be
empty, and we derive a sufficient condition for which the core is
non-empty. We propose a hierarchical matching algorithm which
can detect whether the sufficient condition is satisfied and, if it is
satisfied, achieve a stable and unique matching structure which
coincides with the overlapping coalition agreement profile in the
core of the BOCF game.

Index Terms—Device-to-device communication, overlapping,
coalition formation, graph, matching, spectrum sharing, cellular
network, stable marriage, college admission, stable roommate,
game theory.
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I. INTRODUCTION

W ITH the proliferation of wireless data services and
applications, it will soon become difficult for the exist-

ing cellular network infrastructure to support the demands for
mobile data services under the traditional infrastructure-centric
network frameworks. One reason is that, in infrastructure-
centric network frameworks, all traffic is forwarded and relayed
by the cellular network infrastructure (e.g., base station) even
when the sources and destinations are close to each other.
This not only increases communication delay and energy con-
sumption but also reduces the reliability of the networks. For
example, in cellular networks, failure of a base station can
lead to mobile service outage for the entire coverage area of
the corresponding cell. Device-to-device (D2D) communica-
tion without relying on the base station to forward the traffic
provides an efficient way to increase the network capacity
and reliability. Another issue is that the traditional exclusive
spectrum ownership model used in existing cellular networks
has resulted in inefficient spectrum utilization for a significant
portion of the time [2], [3]. One technique that promises to
address this problem is spectrum sharing, which allows under-
utilized licensed spectrum to be shared by unlicensed devices.
Allowing both D2D communication and spectrum sharing in
cellular networks can improve network capacity, reliability and
spectrum utilization efficiency. However, D2D links are gener-
ally established autonomously and cannot be fully controlled
by the base station. In addition, choosing the wrong spectrum
sharing pair of D2D links and cellular subscribers can result in
high cross-interference, which may adversely affect both D2D
links and cellular subscribers.

This motivates the work in this paper, where we investigate
the joint optimization of spectrum sharing approaches and sub-
band allocation problem for a set of D2D links in an area with
multiple co-located cellular networks. Each cellular network
is controlled by an operator. We propose a general analytical
framework in which each D2D link first chooses its preferred
operator and then decides whether to apply for the exclusive
use of a cellular sub-band or to share the sub-band with existing
cellular subscribers. Since D2D links are autonomous, D2D
links being assigned sub-bands for exclusive use can also share
their spectrum with each other to further increase the spectrum
utilization efficiency. We hence introduce a new spectrum shar-
ing mode for D2D communication in cellular networks, referred
to as the sharing mode. In this mode, D2D links being assigned
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vacant sub-bands can share their sub-bands without consulting
the operator.

The distributed nature and autonomy of D2D links make
game theory a natural tool to study and analyze D2D commu-
nication systems in cellular networks. We establish a new game
theoretic framework, referred to as Bayesian non-transferable
utility overlapping coalition formation (BOCF) game, to an-
alyze the spectrum sharing problem between D2D links and
cellular networks. In our proposed game, D2D links that operate
in the spectrum of the same operator can be regarded as a
coalition. Each member of a coalition can share spectrum with
the existing cellular subscribers or apply for an exclusive sub-
band to be used by itself or shared with other D2D links. If
D2D links from different coalitions decide to share spectrum
with each other, the coalitions will overlap. Our proposed
framework is general and the payoff of each D2D link can be
any performance measure generated from its received signal-
to-interference-and-noise ratio (SINR). In addition, each D2D
link is not required to know the payoffs or actions of others.
We consider the concept of the core of coalition formation and
seek an overlapping coalition agreement profile in the core that
maximizes the payoffs of D2D links.

Our proposed game is a generalization of the traditional
partition-based Bayesian coalition formation game [4]. As
pointed out in [5], even analyzing the partition-based coalition
formation game can be challenging. Finding a stable coalition
structure is an NP-hard problem and generally requires an
exhaustive search of all the possible coalitions formed by the
players. Allowing overlaps among different coalitions further
increases the complexity of the system, and the core of the
proposed game may not always be non-empty.

Fortunately, we observe that our proposed game can be solved
by exploiting tools from matching theory [6]. Specifically,
we introduce a hierarchical matching algorithm to approach a
stable overlapping coalition formation. Our algorithm consists
of three individual algorithms, each of which is used to achieve
a stable matching structure of a specific matching market. The
first matching market is a two-sided many-to-one matching mar-
ket with private belief, in which each D2D link selects the oper-
ator with the spectrum that can maximize its payoff. All D2D
links that are accepted by the same operator form a coalition.
Within each coalition, D2D links compete for the sub-bands
of the operator. We model this problem as a two-sided one-to-
one matching market. In this market, each D2D link applies for
sharing sub-bands with existing cellular subscribers. If some
D2D links decide to share the spectrum with other D2D links
in the network, they will enter the third market, which is a one-
sided one-to-one matching market. We propose a distributed be-
lief updating algorithm for each D2D link to search for a unique
and stable matching structure. We prove that this matching struc-
ture coincides with the overlapping coalition agreement profile
in the strict Bayesian core of our proposed game. We also derive
a sufficient condition for which the core of the game is non-
empty. Our proposed distributed optimization algorithm can de-
tect whether this sufficient condition is satisfied and, if satisfied,
to achieve an overlapping coalition structure in the core.

The rest of this paper is organized as follows. Related work
is reviewed in Section II. The network model is presented in

Section III. The D2D and cellular spectrum sharing problem
is formulated in Section IV. This problem is modeled as a
BOCF game in Section V. The hierarchical matching algorithm
is proposed in Section VI. The numerical results are presented
in Section VII, and we offer our concluding remarks and future
works in Section VIII.

II. RELATED WORK

Most of the previously reported results on resource manage-
ment for D2D communications focus on resource allocation
for a single D2D link with specific performance goals. For
example, in [7], the authors applied power control and multi-
hop routing discovery methods to improve the probability of
outage for opportunistic D2D communications in a cellular
network. The power control problem for D2D links in a cellular
network was also studied in [8]–[10]. In [11], the authors
investigated the possible performance improvement brought by
network coding and user cooperation in a D2D communication
system. Observing the fact that D2D communications have not
yet been considered in LTE-Advanced systems, the authors in
[12] have proposed a mechanism to support a D2D commu-
nication session in existing LTE cellular networks. In [13], a
distributed channel-aware spatial resource allocation algorithm,
referred to as FlashLinQ, was proposed for ad hoc network
systems. Motivated by the recent observation that treating the
interference as noise at each of the spectrum sharing D2D links
is information theoretically optimal under certain conditions, a
new spectrum sharing mechanism referred to as information-
theoretic link scheduling (ITLinQ) has been proposed in [14].
In [1], we model the spectrum sharing problem between a
set of D2D links and one cellular operator as a Bayesian
non-cooperative game. In this paper, we extend our previous
work in [1] to the case of multiple operators. This extension
dramatically changes the structure of the problem studied in [1]
because different operators have different resources and each
operator will only reveal its resource information to the D2D
links being given permission to access its spectrum. How D2D
links can select their preferred operator without knowing which
sub-band they will be eventually allocated by each operator is a
challenging task.

Different from the existing work, in this paper we study
the interaction between different D2D links and between
D2D links and cellular subscribers in a general multi-user
D2D communication-enabled cellular network using coali-
tional game theoretic models. Recently, coalitional game theory
has been used to study interactions in wireless networks [15],
[16]. For example, in [17], a coalition formation game has
been applied to study the dynamic spectrum access problem in
cognitive radio networks. In [16], a hierarchical game theoretic
framework has been proposed which allows unlicensed users to
cooperatively share the licensed spectrum by paying a certain
price to licensed users. However, most of the existing studies
either focus on the cooperation among all the wireless users
or non-overlapping coalition formation. In this paper, we in-
troduce a new Bayesian non-transferable overlapping coalition
formation (BOCF) game model to study spectrum sharing by
D2D communications in cellular networks.
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Fig. 1. System model for D2D communications in a cellular network with
three operators: D2D links D1, D2, D3 operate in modes M1 (i.e., D1 has
been assigned to a dedicate sub-band for exclusive use), M2 (i.e., P 1

1 and D2

share the same sub-band) and M3 (i.e., the traffic of D3 has been forwarded by
eNB of operator 2), respectively. D2D links D4 and D5 operate in mode M4
(i.e., D4 and D5 share their dedicated sub-bands with each other).

In this paper, we propose a hierarchical matching algorithm
to find the overlapping coalition agreement in our proposed
game. The two-sided stable matching problem has been widely
studied from both theoretical and practical perspectives [6],
[18]–[20]. In this problem, each agent belonging to the set
of one side of the market has a preference about the agents
belonging to the set of the other side and tries to find a matching
to optimize its performance. Many extensions of these problems
have been studied in the literature. The case of some agents
on the one side only having preferences over a sub-set of the
agents on the other side was studied in [21]. The case where
the agents from one side have equal preference over multiple
agents of the other side, called stable marriage with tie, has been
studied in [22]. Empirical studies of the different variations
of the stable marriage problem have been reported in [19],
[23]. In most of the previous works, each player cannot have
any belief about the environment as well as the preference of
others. In this paper, we allow each player to establish and
maintain a private belief function. One work that is similar
to our setting of private belief for agents is the belief-based
coalition formation game proposed in [24]. However, that work
assumes the belief functions are fixed, and cannot be updated
during the game, which is different from the setting of our
paper, where we introduce a Bayesian belief update algo-
rithm to allow each player to search for the optimal matching
structure.

III. A GENERAL SYSTEM MODEL FOR

D2D COMMUNICATIONS IN

CELLULAR NETWORKS

We consider spectrum sharing between a set of K D2D
links, labeled as D = {D1, D2, . . . , DK}, and a set of L co-
located cellular network operators, labeled as operators O =
{1, 2, . . . , L}. Each D2D link corresponds to a communication

channel between a D2D source and its corresponding destina-
tion, and each cellular subscriber corresponds to a downlink
or uplink communication channel from the BS to the cellular
subscriber as shown in Fig. 1. To avoid causing interference to
the neighbouring cell, we assume each D2D link can only share
spectrum with the subscribers in its local cell.

Each operator i has been licensed an exclusive set Si of sub-
bands which can be accessed by both D2D links and cellular
subscribers. Let Ki be the subset of vacant sub-bands of oper-
ator i unoccupied by cellular subscribers. Let J i be the subset
of sub-bands occupied by the cellular subscribers of operator
i, i.e., we have J i ∩ Ki = ∅ and Si = J i ∪ Ki ∀ i ∈ O. Each
D2D link can only share sub-bands with the cellular subscribes
within the same cell. Since the access to licensed spectrum is
expensive, the exclusive sub-band given to each D2D link may,
in practice, be narrower than the full-size sub-band allocated
to the cellular subscribers. Each D2D link can either access
a sub-band occupied by a cellular subscriber or apply for a
vacant sub-band for exclusive use if sharing the spectrum with a
cellular subscriber cannot provide sufficient quality-of-service
(QoS). Let P i

l be the cellular subscriber occupying sub-band l
of operator i for l ∈ J i. We denote S =

⋃
i∈O

Si, J =
⋃
i∈O

J i

and K =
⋃
i∈O

Ki.

Because of the complexity of the interference management
in D2D and cellular spectrum sharing problem, most existing
works assume that each D2D link can share spectrum with
at most one cellular subscriber [7], [25]–[27]. In this paper,
we follow the same line and assume that each sub-band can
at most contain two users (either two D2D links or one D2D
link and one cellular subscriber). This assumption makes the
spectrum sharing between D2D links and cellular networks
feasible to be implemented in the existing cellular telecom-
munication system. For example, in Release 12 of the LTE
standard, an eNB (Evolved Node B) can keep track of the
interference received at each of its cellular subscribers in each
sub-band and can simply remove the D2D link from the sub-
band once it observes a higher-than-tolerable interference level
[28], [29]. Our model however can be directly extended to the
cases with two or more D2D links sharing the same sub-band
with each cellular subscriber. We will discuss this in detail in
Section VIII.

A commonly adopted approach is to divide possible spec-
trum sharing schemes between D2D links and cellular sub-
scribers into three modes [12]:

M1. Dedicated Mode: D2D links access dedicated sub-
bands that are unoccupied by the cellular subscribers,

M2. Reuse Mode: D2D links reuse the sub-bands occupied
by cellular subscribers,

M3. Relay Mode: The traffic of D2D links is relayed through
the BS. This mode is normally applied when direct
communication cannot provide adequate performance
for D2D links.

In cellular networks, each D2D link can operate in one of the
above three modes with help from the eNB of the corresponding
operator. The detailed implementation of these modes in LTE-
Advanced systems has been described in [12], [26], [30].



XIAO et al.: A BAYESIAN OVERLAPPING COALITION FORMATION GAME FOR D2D SPECTRUM SHARING 4037

We illustrate the D2D links and potential interference for the
above three modes in Fig. 1.

Since D2D links are autonomous, to further improve the
spectrum utilization efficiency, D2D links assigned dedicated
sub-bands for their exclusive use can also share their sub-bands
with each other. Therefore, we introduce the following new
mode for spectrum sharing between D2D communications and
cellular networks:

M4. Sharing Mode: D2D links in mode M1 can further
increase spectrum utilization efficiency by sharing their
dedicated spectrum with each other.

We also illustrate the mode M4) in Fig. 1. We will provide
more detailed discussion on the possible implementation of
our proposed framework in LTE Advanced network systems in
Section VII.

Different from most of the existing works, which assume
each D2D link obtains the same performance in different sub-
bands under each specific mode, we consider a more general
system in which multiple operators co-exist in the same cov-
erage area and each D2D link in each specific mode obtains
different performance in different sub-bands. We consider the
joint optimization for both mode selection and the sub-band
accessing/sharing. That is, each D2D link should not only
choose a specific mode to operate in but also decide a specific
operator and sub-band that can maximize its performance in its
chosen mode.

Let �Dk
[l] be the payoff of D2D link Dk obtained by access-

ing sub-band l in mode M1 (if l ∈ K) or M2 (if l ∈ J ) for Dk ∈
D and l ∈ S . Let �Dk

[l,m] be the payoff of D2D link Dk when
it shares its assigned sub-band l with another D2D link which
has been assigned sub-band m for l,m ∈ K (mode M4). We
consider a general model and the payoff of each D2D link can
be any function of its received signal-to-interference-plus-noise
ratio (SINR). For example, if D2D link Dk wants to maximize
its transmit rate per bandwidth price, the payoff of the D2D link
Dk in each mode is given as follows.

M1 and M2: When D2D link Dk accepts a dedicated sub-
band l (in mode M1) or shares a sub-band l with a
cellular subscriber (in mode M2), its payoff is given by

�Dk
[l] =

ρ[l]

e[l]
E log (1 + SINRDk

[l]) , (1)

where ρ[l] is the bandwidth of sub-band l and e[l] is
the price paid to the operator for accessing sub-band
l. Note that, different from the cellular networks in
which the operator charges subscribers according to
the quality of experience (QoE), in D2D communi-
cations, the data traffic does not traverse the network
infrastructure and the operators cannot monitor the
transmission rate between two devices that establish a
direct link. Therefore, in this paper, we assume each
operator charges a fixed price e[l] for any D2D link
to access a dedicated sub-band l. The payoff of each
D2D link corresponds to the transmission rate per unit
price obtained by accessing the assigned sub-bands of
the corresponding operator. SINRDk

[l] is the signal-

to-noise-and-interference ratio (SINR) experienced by
D2D link Dk in sub-band l, given by [31],

SINRDk
[l] =⎧⎨

⎩
hDk

[l]wDk

�Dk
[l] , l ∈ K in mode M1,

hDk
[l]wDk

�Dk
[l]+h

Pi
l
Dk

w
Pi
l

, l ∈ J in mode M2,
(2)

where �Dk
[l] is the additive noise received by Dk in

sub-band l, hDk
[l] is the channel gain between the

source and destination of D2D link Dk in sub-band l.
hP i

l
Dk

is the channel gain between cellular subscriber

P i
l and D2D link Dk. wP i

l
and wDn

are the transmit

powers of P i
l and Dn, respectively.

M3. If D2D link Dk decides to use mode M3, it will first
transmit to the BS and then wait for the BS to for-
ward the signals to the corresponding D2D destination.
Since, in this mode, the traffic of D2D links is transmit-
ted in the same way as for the cellular subscribers, this
mode of operation cannot provide any improvement in
terms of the spectrum utilization efficiency and should
be the last choice of each D2D link. In this paper,
we assume each D2D link cannot obtain any positive
payoff in this mode, i.e., we write the payoff of Dk in
mode M3 as �Dk

[Dk] = 0.
M4. If two D2D links Dk and Dn with dedicated sub-bands

l and m, respectively, decide to share their sub-bands
with each other by transmitting at the same time over
the same aggregated sub-bands l and m [32], [33] and
agree to equally share the cost of sub-bands l and m
for l,m ∈ K and i, j ∈ O, the payoff of each D2D link
(e.g., Dk) in mode M4) is given by

�Dk
[l,m]=

2 (ρ[l]+ρ[m])

e[l] + e[m]
E log (1 + SINRDk

[l,m]) ,

(3)
where SINRDk

[l,m]=
hDk

[l,m]wDk

�Dk
[l,m]+hDnDk

[l,m]wDn
, hDk

[l,

m] and hDnDk
[l,m] are the channel gain between

the source and destination of D2D link Dk and that
between the source of D2D link Dk and the destination
of D2D link Dn in the frequency band formed by
aggregating sub-bands l and m, respectively. �Dk

[l,m]
is the additive noise at the receiver of D2D link Dk in
the aggregated frequency band formed by sub-bands l
and m.

We follow a commonly adopted setting and set the revenue of
each operator in the sub-bands occupied by cellular subscribers
as a function of the resulting interference caused by the D2D
links [16], [34], [35]. We can also define the revenue of operator
i from a D2D link Dk accessing a vacant sub-band for exclusive
use, as a function of the SINR of Dk, i.e., the revenue ηli(Dk)
obtained by operator i from D2D link Dk in sub-band l is given
by ηli(Dk) = g(EINTDk

[l]) where g(·) is the revenue function
and INTDk

[l] is given by

INTDk
[l] =

{
hDkP i

l
wDk

, l ∈ J i,
hDk

[l]wDk

�Dk
[l] , l ∈ Ki.

(4)
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TABLE I
LIST OF NOTATION

In this setting, the price charged by each operator to each UE
sharing the sub-bands with cellular subscribers is proportional
to the interference caused by the UE. As is observed in [16],
this allows each operator to control the resulting interference
created by the UEs by adjusting the prices. For example, if
the revenue ηli(Dk) is a linear function of EINTDk

[l], we
have ηli(Dk) = max

l∈J i
{βiEINTDk

[l]}, where βi is the pricing

coefficient of operator i [36]. It has been shown in [37] that the
operators can always limit the interference of the D2D links in
their sub-bands by adjusting the value of the pricing coefficient.

We can now show that the joint optimization of the mode
selection and sub-band accessing/sharing problem is equivalent
to the optimization of the sub-band allocation problem for D2D
links. For example, if D2D link Dk has been assigned to sub-
band l ∈ K for exclusive use, Dk will be in mode M1. If D2D
link Dk has been eventually allocated sub-band l ∈ J that is
occupied by a cellular subscriber, Dk operates in mode M2. If
D2D link Dk can access an aggregated sub-band formed by
two sub-bands l and m for l,m ∈ K, Dk operates in mode
M4. If D2D link Dk cannot obtain any sub-band to support its
direct communication, it will then totally rely on the operator
to establish connectivity and forward traffic between the two
devices and hence will be in mode M3. In the rest of this paper,
we focus on optimization of the sub-band allocations for D2D
links in cellular networks.

The list of notation used in this paper is provided in Table I.

IV. PROBLEM FORMULATION

As mentioned previously, each operator only possesses a lim-
ited number of sub-bands and hence can only provide service

for a limited number of D2D links. When the number of D2D
links requesting to access the spectrum of an operator exceeds
this limit, a conflict will happen. Similarly, conflicts may also
happen when more than one D2D link send a request for the
same sub-band of an operator or the same D2D link to share
a sub-band with. To avoid possible overloading, the operator
will have to reject the requests of some D2D links, i.e., if the
number of D2D links sending requests to operator i exceeds
|Si|, operator i will only allow |Si| D2D links to access its
spectrum, selected according to the revenue that can be obtained
from the requesting D2D links.

We assume the spectrum sharing process can be divided into
time slots. We follow the same line as [13] and assume the
communication of D2D links is synchronized using the timing
signals sent by the cellular networks or the GPS timing signal.
Each D2D link needs to make its decisions about operators,
sub-bands and sub-band sharing partner at the beginning of
each time slot and cannot change its decision during the rest
of the time slot. The decisions of each D2D link, however, can
be changed between different time slots. We use subscript t to
denote the parameters and results in time slot t. To simplify our
description, we can ignore the subscript t when we only focus
on one time slot of the decision process.

We can define the D2D and cellular spectrum sharing
(DCSS) problem as a tuple P = 〈D,O,Φ,Γ,�〉 consisting of
following elements:

1) D is the set of D2D links.
2) O is the set of operators.
3) Φ = O ∪ {∅} × S ∪ {∅} × D ∪ {∅} is the set of possible

decisions made by each D2D link about the operator, sub-
bands and sub-band sharing partner. Each D2D link Dk

can decide φDk
= 〈φo

Dk
, φs

Dk
, φd

Dk
〉 ∈ Φ where φo

Dk
∈

O ∪ {∅} is the operator requested by D2D link Dk. We
use φo

Dk
= ∅ to mean Dk declines to send a request to

any operator (e.g., Dk believes sharing the spectrum of
the cellular network cannot result in a positive payoff).
φs
Dk

∈ Si ∪ {∅} is the sub-band requested by D2D link
Dk after being accepted by operator i. We write φs

Dk
=

∅ if D2D link Dk declines to request any sub-band of
operator i (e.g., Dk believes operator i does not possess
any sub-band that can result in a positive payoff). If Dk has
been assigned a sub-band for exclusive use, Dk can then
send a request to another D2D link Dn with an exclusive
sub-band asking to aggregate and share their sub-bands.
Similarly, if Dk does not want to share its sub-band with
any other D2D link, we have φd

Dk
= ∅. It can be easily

observed that these decisions are closely related to each
other. More specifically, D2D link Dk should decide φs

Dk

and φd
Dk

based on φo
Dk

. On the other hand, φo
Dk

should
be decided by considering the possible choices of sub-
bands and sub-band sharing partners for the D2D links.
We denote the decision profile of all D2D links as φ =
〈φDk

〉
Dk∈D.

4) Γ = 〈Γo,Γs,Γd〉 is the conflict-solving rule of the op-
erator and D2D links with dedicated sub-bands. We use
Γo(Dk) and Γs(Dk) to denote the final operator and
sub-band being assigned to D2D link Dk. We also use
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Γo(Dk) = Dk or Γs(Dk) = Dk to mean that Dk cannot
directly communicate with another device but has to oper-
ate in mode M3. We also use Γd(Dk) to denote the D2D
link which agrees to share its sub-band with Dk. Similarly,
we use Γd(Dk) = Dk to mean Dk cannot share its sub-
band with any other D2D link with an exclusive sub-band.

5) �Dk
is the payoff of Dk, which depends on the decision

profile φ and the conflict-solving rule Γ, i.e., we
have �Dk

(φ,Γ) = 1Γd(Dk)=Dk
�Dk

[l = Γs(Dk)] +∑
Dn∈D\{Dk}

1Γd(Dk)=Dn
�Dk

[l = Γs(Dk),m = Γs(Dn)]

for Γs(Dk) 	= Dk and Γs(Dn) 	= Dn, where �Dk
[l] and

�Dk
[l,m] are given in (1) and (3), respectively, and 1 is

the indicator function.

If two or more D2D links have been allocated sub-bands for
exclusive use, these D2D links can share their sub-bands with
each other to further improve their payoffs. Since the sub-band
allocation process has been supervised by the BS, the D2D
links which are allocated dedicated sub-bands can obtain the
identity information of each other from the BSs. Each D2D
link with exclusive sub-bands (e.g., Dk) knows the set Co of
D2D links with sub-bands for exclusive use, defined as Co =
{Dk : Γs(Dk) ∈

⋃
i∈O Ki, ∀Dk ∈ D}, and �Dk

[m, l] for
Γs(Dk) = m, Γs(Dn) = l ∀Dn ∈ Co after the training period.
We provide a more detailed discussion of this training process
in Section VI.

It can be observed that the value of �Dk
for each D2D

link Dk can be affected by the decisions of all D2D links and
the conflict-solving rules of the operators and D2D links with
exclusive use of sub-bands, both of which are unknown to Dk.
It is generally unrealistic to assume each device can predict
all these unknown parameters instantaneously before it makes
decisions at the beginning of each time slot t. It is however
possible for each D2D link to eavesdrop on the operators
requested by other D2D links during the previous time slot. As
observed in [38], D2D communication will be mainly applied in
high population density areas, where the cell sizes are generally
small. This makes it possible for each D2D link to eavesdrop on
the requests sent by nearby D2D links. Each D2D link can also
obtain this information from the operators, i.e., each operator
can broadcast its request acceptance and rejection message to
all the D2D links. In this paper, we assume each D2D link
cannot know the instantaneous decisions of others but can
observe the decisions of other D2D links in previous time slots.
Each D2D link can exploit these observations to establish a
belief function about these unknown parameters.

The selfishness and autonomy of D2D links make it natural
to model the DCSS problem as a game. During the rest of this
paper, we focus on solving the following problems:

1) Establish a game theoretic model to study the interaction
among autonomous and selfish D2D links.

2) Develop a distributed algorithm for each D2D link to
optimize its decision to maximize its expected payoff.

3) Propose an effective conflict-solving rule for both the op-
erator and D2D link with dedicated sub-bands to approach
a sub-band allocation structure such that no operator or
D2D link can benefit by unilaterally deviating.

4) Develop a belief updating algorithm for each D2D link
to learn the probabilistic features of unknown parame-
ters of other D2D links and operators using its previous
observations.

To solve the first problem, we propose a Bayesian overlap-
ping coalition formation game to model the DCSS problem
in the next section. We will then develop the distributed al-
gorithm, conflict-solving rules and belief updating approach in
Section VI.

V. AN OVERLAPPING COALITION FORMATION GAME

In many practical resource sharing problems, allowing over-
lap between different coalitions can further improve the system
performance and resource utilization efficiency. For example,
if multiple wireless network subscribers can access several
resource blocks (e.g., frequency bands, time slots, antennas),
they can be first divided into different coalitions each of which
consists of the subscribers sharing one block of resource [37].
However, it is possible that, in some coalitions, the share of
the resource blocks allocated to some subscribers is not enough
to support a desired level of QoS, while for some other sub-
scribers, the allocated resource may exceed those requirements.
In this case, allowing the subscribers with insufficient resources
to also aggregate or share some of the surplus resources allo-
cated to other subscribers can further improve the resource uti-
lization efficiency as well as the network system performance.

We define an overlapping coalition Ci formed by a set of
players {D1, D2, . . . , DK} as a vector Ci = 〈ciD1

, ciD2
, . . . ,

ciDK
〉 where ciDk

is a binary variable and ciDk
= 1 means that

Dk is a member of coalition Ci and ciDk
= 0 means Dk does not

belong to coalition Ci. If two coalitions Ci and Cj overlap, there
exists at least one player Dk ∈ D such that ciDk

= cjDk
= 1

for i 	= j. Let supp(Ci) be the support of Ci. An overlapping
coalition formation structure with L overlapping coalitions is
defined as C = {Ci}i∈{1,2,...,L}.

We formally define a BOCF game as follows:
Definition 1: A BOCF game G = 〈D,A,Y , b,�, �〉 con-

sists of the following elements:

1) D is the set of players.
2) ACi = Ac

Ci ×Ao
Ci is the set of possible actions for the

players in each coalition Ci. An action aCi = 〈acCi , aoCi〉
of coalition Ci in a BOCF game consists of two parts:
the coalitional action acCi and the overlapping action aoCi .
A coalitional action acCi ∈ Ac

Ci for a coalition Ci is similar
to the action in the non-overlapping coalition formation
game, which specifies the joint action mutually agreed
to by every member player within a coalition Ci. An
overlapping action aoCi ∈ Ao

Ci specifies how the players in
coalition C interact with players in other coalitions. For ex-
ample, in the resource sharing problem, the coalitional ac-
tion characterizes the resource allocation scheme mutually
agreed to by all the subscribers to divide the resource block
within one coalition. The overlapping action characterizes
how subscribers being allocated resources of different
coalitions exchange or share these resources. These two
actions may be closely correlated in most applications. For
example, some players allocated resources from different
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resource blocks can share portions of their resources with
each other and in this case the overlapping actions (e.g.,
how they negotiate and share their portions of the allo-
cated resources) depend on the coalitional actions (e.g.,
how to divide each resource block among the coalition
members). It can be observed that the coalition formation
structure and actions jointly determine the payoff of each
member player in a coalition. We hence can define an
overlapping coalition agreement as a tuple xi = 〈Ci, aCi〉
for supp(Ci) ⊆ D and aCi ∈ ACi . We also denote the
overlapping coalition agreement profile x as the set of all
overlapping coalitional agreements formed by the players,
i.e., x = {xi}i∈{1,...,L}.

3) Y = YD1
× YD2

× . . .× YDK
is the type space, where

YDk
is the set of possible types of player Dk. The type

YDk
∈ YDk

of each player Dk specifies its preference
regarding different overlapping coalition agreements.

4) b = 〈bD1
, bD2

, . . . , bDK
〉 is the vector of belief functions,

where bDk
is the belief function of player Dk about the

types of others. Each player Dk cannot know the types
of other players. Each player can however establish a
belief function about these unknown types by exploiting
the previous observations.

5) � is the vector of the payoffs of the players.
6) � is the preference relation. The preference relation � is

assumed to be complete and transitive [6]. We use x �Dk

x′ to denote that player Dk prefers overlapping coalition
agreement x to x′ for x 	= x′. We also use x �Dn

Dk
x′ to

denote that player Dk believes Dn prefers overlapping
coalition agreement x to x′ for Dn 	=Dk and Dk, Dn ∈ D.

An important solution concept in the coalitional game is the
core, which is formally defined as follows.

Definition 2: An overlapping coalition agreement profile x∗ is
in the weak Bayesian (overlapping coalition formation) core if
there is no overlapping coalition agreement x′ = 〈C′, aC′〉 ∈ x∗

such that every member believes it will benefit from deviating
from the current overlapping coalition agreement xi, i.e., �x′ =
〈C′, aC′〉 and Ci ∈ C∗ such that x′ �Dk

xi∀Dk ∈ Ci.
The above definition can be regarded as the direct extension

of the core for the Bayesian non-overlapping coalition forma-
tion game to the overlapping case. If we take the belief of each
player into consideration, we can propose a belief-based con-
cept of the core, referred to as b-core, in the BOCF game as
follows.

Definition 3: We say an overlapping coalition agreement
profile x∗∗ is in the (Bayesian overlapping coalition forma-
tion) b-core, if the following two conditions are satisfied:
1) there exists no overlapping coalition agreement such that
every member believes it will benefit from deviating from
the current overlapping coalition agreement, 2) there exists no
overlapping coalition agreement such that at least one member
of a coalition believes that each of the other members in the
coalition believes it will benefit from deviating from their
current overlapping coalition agreement, i.e., there does not
exist x′ = 〈C′, aC′〉 and Ci ∈ C∗∗ such that there exists a D2D
link Dk ∈ Ci satisfying x �Dn

Dk
x′ ∀Dn 	= Dk, Dn ∈ Ci.

Note that both concepts of the core defined above are differ-
ent from the core related to the grand coalition used in many
coalitional game-based wireless network models [39]–[41].
The latter core concept can only be non-empty when all the
players in the game agree to form the grand coalition, that is,
the coalition that contains all the players [4].

The concept of the core in Definition 2 can be in some
sense regarded as an extension of the a-core proposed in [42]
into the BOCF game. It is different from the Aubin core for
the cooperative fuzzy game in [43] as well as the o-core and
r-core concepts proposed for the transferable utility overlapping
coalition formation game in [42].

We can model the DCSS problem as a BOCF game, referred
to as DCSS game, GSS = 〈D,Y ,Γ, b,�, �〉 as follows: the
players are the D2D links. The coalitional action of a coalition
Ci corresponds to the sub-band allocation scheme achieved
by all the D2D links being accepted by the same operator
i. More specifically, the coalitional action acCi is determined
by the decisions made by D2D links in coalition Ci as well
as the conflict-solving rules of operator i. The overlapping
action corresponds to the sub-band sharing scheme between
the D2D links with exclusive use of sub-bands from different
coalitions. The type YDk

of each player Dk is its preference
over all the possible overlapping coalition agreements. Each
D2D link cannot know the types of other D2D links and it
is generally difficult for each D2D link to establish a belief
function over others’ types. Fortunately, we can show that the
uncertainty of each D2D link about types of other D2D links
can be converted into the uncertainty about the decisions of
others and conflict-solving rules of the operators and D2D
links with vacant sub-bands. It can be observed that, for a
given conflict-solving rule Γ, the final overlapping coalition
formation structure C is determined by the decisions φ of all
D2D links. By introducing a function F mapping from Γ and
φ to an overlapping coalition formation structure C, we have
C = F (Γ,φ). For each of the coalition formation structures,
the coalitional action acCi in coalition Ci specifies the sub-band
allocation between D2D links being accepted by operator i and
the set Si of sub-bands. Since the sub-band assigned to each
D2D link Dk ∈ Ci is given by Γs(Dk), we can observe that the
coalition action acCi is determined by Γs and φs

Ci where φs
Ci =

{φs
Dk

}
Dk∈Ci . If we introduce a function G mapping from φs

Ci

and Γs into acCi , we can write acCi = G(Γs,Γd,φs
Ci). Similarly,

for each overlapping coalition formation structure, the set Co

of D2D links with sub-bands for their exclusive use is fixed.
Also, since the overlapping action of each D2D link Dk ∈
Ci ∩ Co in a coalition Ci is determined by the decision φd

Dk

and the conflict-solving rule Γo, we can define a function
H mapping from the decisions of D2D links with exclusive
sub-bands and the conflict-solving rules of these D2D links
into the overlapping action, i.e., we have aoCi = H(Γd,φd

Co).
Therefore, we can write each overlapping coalition agreement
xi=〈Ci, aCi〉=〈F (Γ,φ), 〈G(Γs,φs

Ci), H(Γd,φd
Co)〉〉. In other

words, the preference of each D2D link about the coalitional
agreements can be converted into its preference over different
decisions for a given conflict-solving rule. In the DCSS
game, each D2D link can observe the decisions of other D2D
links and the operator and sub-band it has been allocated



XIAO et al.: A BAYESIAN OVERLAPPING COALITION FORMATION GAME FOR D2D SPECTRUM SHARING 4041

during the previous time slots and hence can exploit these
observations to establish a belief function about the decisions
of other D2D links. The belief function BDk

(φ−Dk
,Γ) =

Pr(Γo(Dk),Γ
s(Dk),Γ

d(Dk),φ−Dk
|φDk

) of each D2D link
Dk can be divided into six parts: the first three belief functions
correspond to the beliefs of Dk about the decisions of other
D2D links regarding operators, sub-bands and the D2D
sub-band sharing partner, i.e., BDk

(φo
−Dk

) = Pr(φo
−Dk

|φo
Dk

),
BDk

(φs
−Dk

) = Pr(φs
−Dk

|Γo(Dk), φ
s
Dk

) and BDk

(
φd

−Dk

)
=(

φd
−Dk

|Γo(Dk),Γ
s(Dk), φ

d
Dk

)
, and the remaining three belief

functions correspond to the beliefs of Dk about the conflict-
solving rules of operators, sub-bands and D2D links with sub-
bands for exclusive use, i.e.,BDk

(Γo)=Pr(Γo(Dk)|φo
Dk

,φo
−Dk

),
BDk

(Γs) = Pr(Γs(Dk)|φo
Dk

,φo
−Dk

,Γo, φs
Dk

,φs
−Dk

), and
BDk

(Γd) = Pr(Γd(Dk)|φo
Dk

,φo
−Dk

,Γo, φs
Dk

,φs
−Dk

,Γs, φd
Dk

,

φd
−Dk

). We have

BDk

(
φ−Dk

,Γ
)

= Pr
(
Γo(Dk),Γ

s(Dk),Γ
d(Dk),

〈φo
−Dk

,φs
−Dk

,φd
−Dk

〉|〈φo
Dk

, φs
Dk

, φd
Dk

〉
)

= Pr
(
φo

−Dk
|φo

Dk

)
Pr (Γo(Dk)|φo)

Pr
(
φs

−Dk
|Γo(Dk), φ

s
Dk

)
Pr (Γs(Dk)|Γo(Dk),φ

s)

Pr
(
φd

−Dk
|Γo(Dk),Γ

s(Dk), φ
d
Dk

)
Pr

(
Γd(Dk)|Γo(Dk),Γ

s(Dk),φ
d
)

= BDk

(
φo

−Dk

)
BDk

(Γo(Dk))BDk

(
φs

−Dk

)
BDk

(Γs(Dk))BDk

(
φd

−Dk

)
BDk

(
Γd(Dk)

)
. (5)

The expected payoff �̄Dk
of each D2D link Dk achieved by

its decision φDk
and belief BDk

(φ−Dk
,Γ) can be written as

�̄Dk

(
BDk

(
φ−Dk

,Γ
)
, φDk

)
= �̄Dk

(
〈BDk

(
φo

−Dk

)
, BDk

(
φs

−Dk

)
, BDk

(
φd

−Dk

)
,

BDk
(Γo) , BDk

(Γs) , BDk

(
Γd

)
〉, 〈φo

Dk
, φs

Dk
, φd

Dk
〉
)

=
∑

φ−Dk
∈ΦK−1

BDk

(
φ−Dk

,Γ
)

·
{
1Γd(Dk)=Dk

�Dk
[l = Γs(Dk)]

+ 1Γd(Dk)=Dn
�Dk

[l=Γs(Dk),m=Γs(Dn)]
}
. (6)

Since each D2D link always chooses the decision that maxi-
mizes its expected payoff based on its belief, the decision φDk

of D2D link Dk for a given belief bDk
is given by

φDk
= arg max

φDk
∈Φ

�̄Dk

(
BDk

(
φ−Dk

,Γ
)
, φDk

)
. (7)

As mentioned previously, allowing overlaps among different
coalitions greatly increases the complexity of the traditional
non-overlapping coalition formation game. For example, the
overlap between coalitions may cause instability and emptiness
of the core as shown in the following example.

Example 1: Let us focus on the overlapping actions of
four players in two coalitions C1 and C2. Let D1 and D2 (or
D3 and D4) be two members of coalition C1 (or C2) with

exclusive use of the resource in their corresponding coalitions
for {D1, D2} ⊆ C1 and {D3, D4} ⊆ C2. Here we use the term
“exclusive” to simplify our discussion. It means that resource
sharing between D1 (or D2) and any other D2D links in
the network does not affect the payoffs of other members in
coalition C1. This can be extended into a more general case. For
example, if the spectrum sharing between D1 and other D2D
links in the network can also affect the payoff of some other
members in C1, we can then use D1 to denote the combined
set of all D2D links in coalition C1 that will be affected by
the overlapping action. If D1 (or D2) can share its resource
with D3 or D4, coalitions C1 and C2 will overlap with each
other. However, if the preference of D1, D2, D3 and D4

satisfies D3 
D1
D2 
D1

D4, D1 
D2
D3 
D2

D4, D2 
D3

D1 
D3
D4 and D1 
D4

D2 
D4
D3 where we use 
 to

denote Dj’s preference of a player over different overlapping
actions, i.e., Di 
Dj

Dk means that Dj ∈ C1 prefers to overlap
with player Di than Dk for Di, Dk ∈ C2, then we can show that
the overlapping {D1, D2, D3, D4} between coalitions C1 and
C2 is not stable.

The situation observed in the above example is called a
rotation (or cycle), which is formally defined as follows.

Definition 4: A rotation for a sequence of D2D link
preferences is a sequence of D2D links (D̂0, D̂

′
0), (D̂1, D̂

′
1),

. . . , (D̂k−1, D̂
′
k−1) such that D̂i 	= D̂j for i 	= j and D̂i, D̂j ∈

Co, and D̂′
i is the most preferred D2D link for D̂i and D̂′

i+1

is the second most preferred D2D link for D̂i for all i ∈ {1, 2,
. . . , k}, where the subscripts are taken modulo k.

As observed in the above example, both of the cores defined
in Definitions 2 and 3 can be empty. Finding an effective
method to detect the emptiness of the core for a general BOCF
game is still an open problem. In the rest of this paper, we can
exploit the structure of the cellular networks to find a distributed
algorithm to search for the stable and optimal overlapping
coalition agreement profile that is in the b-core.

VI. A HIERARCHICAL MATCHING ALGORITHM

As observed from the previous section, an optimal overlap-
ping coalition agreement profile is generally difficult to find
and it is impossible to enumerate and compare all the possible
candidate structures [5]. In this section, we propose a hierarchi-
cal matching algorithm to search for the overlapping coalition
agreement profile of our game. We divide the DCSS game into
different stages. By modeling each stage as a matching market,
each D2D link only needs to focus on searching for its optimal
decision in each stage. In the beginning, all the D2D links will
be first partitioned into L non-overlapping coalitions, each of
which corresponds to a group of D2D links that can access the
spectrum of the same operator. We can model this problem as a
two-sided many-to-one matching market, also called a college
admission market, in which a set of students is partitioned and
admitted into a limited number of colleges (to be discussed
in Section VI-A). After being accepted by the operators, the
D2D links accepted by the same operator will then compete for
sub-bands. We can model this problem as a two-sided one-to-
one matching market, also called a stable marriage market, in
which a set of men will be matched with a set of women (to be
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Fig. 2. A hierarchical matching algorithm for BOCF game.

discussed in Section VI-B). Finally, D2D links with exclusive
use of sub-bands in different coalitions can aggregate and share
their sub-bands to further improve their payoffs. We model this
problem as a one-sided one-to-one matching market, also called
a roommate market, in which a set of students will be paired
with each other to share the same dormitory.

In our proposed game, the D2D links cannot predict which
sub-bands will be finally allocated by each operator or which
D2D sub-band sharing partner it will choose. We, however,
allow each D2D link to maintain a belief function. We propose
a belief updating algorithm in Section VI-D. The relationship of
different markets is illustrated in Fig. 2. Let us give a detailed
description for each of these markets as follows.

A. Operator Selection Algorithm

In this subsection, we assume that each player Dk ∈ D can
have a fixed private belief function BDk

(φ−Dk
,Γ) about the

decisions of other D2D links, and the conflict-solving rules.
We will relax this assumption in Section VI-D. Each D2D link
first chooses an operator which, according to its belief func-
tion, is likely to result in the sub-band allocation that maximizes
its payoff. We solve this problem by modeling the operator se-
lection by the D2D links as a two-sided many-to-one matching
market with private belief. In this market, a set of D2D links
applies for a set of operators. Each D2D link can only choose
one operator and each operator i can only provide a limited
number of sub-bands called a quota, labeled as qi = |Si|, for
D2D links to access.

Let us now formally define the operator selection market as
follows:

Definition 5: An operator selection market is a (two-
sided many-to-one) matching market with private belief Go =
〈D,O,B,
〉 consisting of four elements: a set D of D2D
links, a set O of operators, a vector B = 〈BDk

〉Dk∈D of belief
functions, and the preference 
 of each D2D link (or operator)
over the operators (or D2D links).

Since the set of D2D links being matched with each operator
corresponds to a coalition, the preference relation in the above
market coincides with the preference relation of our DCSS
game defined in Section V. We use Dk 
i Dn to denote that
operator iprefers accepting D2D link Dk to Dn and use i 
Dk

j

to denote that D2D link Dk prefers to send a request to operator
i over sending a request to operator j. Let us define a matching
between D2D links and operators as follows:

Definition 6: A (two-sided many-to-one) matching Γo is a
function from the set D ∪O into the set of unordered families
of elements of D ∪O such that |Γo(Dk)| = 1, |Γo(i)| ≤ qi and
Γo(Dk) = i if and only if Dk is in Γo(i), for every i ∈ O and
Dk ∈ D.

It is worth noting that the operator selection market defined
in Definition 5 can also be regarded as a coalitional game [39].
If we let all D2D links fully compete for the cellular sub-bands,
the game will turn into a non-cooperative game in which the
main solution concept is the Nash equilibrium (NE). As pointed
out in [44]–[47], the number of NEs may be large and the
NEs are not generally reachable by simple competition among
players.

An important concept in matching theory is stability, which
is defined as follows.

Definition 7: A matching Γo is said to be m-stable if the
following conditions are satisfied: 1) each player believes that
matching Γo cannot be strictly improved upon by any individual
player or pair of players, 2) each player believes that each of the
other players believes matching Γo cannot be strictly improved
upon by any player or pair.

Note that the concept of stable matching is generally different
from the stability of the coalition formation structure in the
coalitional game. More specifically, if we say a matching
between a D2D link Dk and an operator i is stable, it means
that Dk or operator i or both Dk and operator i cannot choose
any other matching partner to improve their payoffs. However,
we say a coalition formation structure is stable if no coalition
(of any0 size) of D2D links can benefit from deviating and
join or form other coalitions. To differentiate between these two
concepts, we use m-stable to refer to the stability of a matching
with private belief. Several different concepts of the core have
also been introduced for the matching market in [18], [48]. The
core of matching is generally different from the core defined
in our coalition formation game in Definition 2. To avoid
confusion, in this paper, we only use the term “core” to denote
the core of our coalition formation game proposed in Section V.

To find a matching that is m-stable, each D2D link needs
to send a request to the operator that according to its beliefs
can provide the highest payoff. However, it can be observed
in (6) that the payoff of each D2D link depends on its final
allocated operator, sub-band and D2D sub-band sharing partner.
Therefore, a D2D link cannot know which operator can provide
the highest payoff without knowing which sub-band will be
eventually allocated by each operator or which D2D sub-band
sharing partner it will choose. Fortunately, we can show that
each D2D link Dk can establish an estimated version of its
resulting payoff obtained from each operator i using its belief
function BDk

. More specifically, the estimated payoff of D2D
link Dk when it sends the request to operator i is given by
�̄Dk

(
BDk

(
φ−Dk

,Γ
)
, φo

Dk
= i

)
= max

φs
Dk

∈S∪{∅},φd
Dk

∈D∪{∅}
�̄Dk

(
BDk

(
φ−Dk

)
,

φo
Dk

= i, φs
Dk

, φd
Dk

)
, (8)

where �̄Dk
(BDk

(φ−Dk
), φo

Dk
= i, φs

Dk
, φd

Dk
) is given in (6).
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Using the above result, each D2D link will choose the
operator that can maximize its estimated payoff, i.e., φo

Dk
is

given by

φo
Dk

= arg max
i∈O∪{∅}

�̄Dk

(
BDk

(
φ−Dk

,Γ
)
, φo

Dk
= i

)
. (9)

We refer to the above equation as the operator selection
algorithm.

Note that each operator needs to decide whether to allow
the requesting D2D links to access its spectrum before know-
ing which specific sub-band will be requested by each D2D
link. We hence assume each operator can accept or reject the
requests of the D2D links based on a predefined criterion
unrelated to the final sub-band allocated to each D2D link.
For example, each operator can evaluate the minimum revenue
each D2D link can provide, e.g., we can define the minimum
revenue brought by each D2D link Dk to each operator i as
ηi(Dk) = minl∈J i{βi

Dk
EINTDk

[l]}. We describe the conflict-
solving rule for operator i as follows: If more than qi D2D links
send requests to the same operator i, a conflict will happen. To
resolve this conflict, the operator will only accept the qi request-
ing D2D links that can provide the highest minimum revenues.

We can prove the following results about the operator selec-
tion algorithm.

Proposition 1: Suppose the belief of every D2D link is fixed.
The operator selection algorithm and the conflict-solving rule
of operators result in a unique and m-stable matching between
D2D links and operators.

This result follows immediately from the definition of m-
stability in Definition 7. We hence omit the details of the proof.

B. Sub-Band Selection Algorithm

Each D2D link will decide which specific sub-band to re-
quest after being accepted by one operator. We model this
problem as a two-sided one-to-one matching market. In this
game, a set of D2D links send requests for a set of sub-bands
(controlled by an operator), and the operator can then decide
whether or not to accept the request from each D2D link ac-
cording to its conflict-solving rule. To simplify our description,
we use Ci = Γo(i) to denote the set of D2D links that have been
accepted by operator i.

Let us formally define the sub-band selection market as
follows:

Definition 8: A (cellular) sub-band selection market is a
(two-sided one-to-one) matching market with private belief
G = 〈Ci,Si,B,
〉 which consists of a set Ci of D2D links,
a set Si of sub-bands controlled by operator i, a vector B =
〈BDk

〉Dk∈D of belief functions, and the preference 
 of each
D2D link (or sub-band ) over the sub-bands (or D2D links).

Note that, as observed in Section III, to maintain the QoS
of the existing cellular subscribers, the accessing of D2D links
in each of the sub-bands needs to be strictly controlled by the
operators. Therefore, the conflict-solving rule of each sub-band
over the D2D links has to be established and maintained by
the operators. To simplify our discussion, in this paper, we use
the term “conflict-solving rule of each sub-band” to denote the
conflict-solving rule of the operator over the sub-bands to be
accessed by each D2D link.

We use l 
Dk
m to denote that D2D link Dk prefers access-

ing sub-band l over sub-band m according to BDk
. Similarly,

Dk 
l Dn means operator i prefers to let D2D link Dk (as
opposed to Dn) access sub-band l. We define a matching
between D2D links and cellular subscribers in the spectrum of
an operator i as follows.

Definition 9: A (two-sided one-to-one) matching with private
belief Γs between D2D links and sub-bands is a one-to-one
correspondence from set Ci ∪ Si onto itself such that Γs(Dk) ∈
Si ∪ {Dk}, Γs(l) ∈ Ci ∪ {l} and Γs(Dk) = l ⇔ Γs(l) = Dk

for every l ∈ Si and Dk ∈ Ci.
The two-sided one-to-one matching market can be regarded

as a special case of the two-sided many-to-one matching mar-
ket, where a player from either side of the market can only
match with one player in the other side of the market. Therefore,
we can use exactly the same algorithm to achieve a stable allo-
cation between the D2D links and the sub-bands. That is, sim-
ilar to the operator selection algorithm, each D2D link should
always send the request for the sub-band that can provide the
highest payoff. However, each D2D link cannot know its payoff
without knowing which sub-band will accept its request or
which D2D link will be its D2D sub-band sharing partner. For
example, it is possible that a D2D link Dk ∈ Ci can obtain a
higher payoff by sharing the sub-band occupied by a cellular
subscriber than accessing a vacant sub-band without sharing
with any other D2D links, i.e., �Dk

[l] ≥ �Dk
[m] for m ∈ Ki

and l ∈ J i. However, this D2D link Dk may achieve a higher
payoff by first accessing a vacant sub-band m and then sharing
with another D2D link Dn with a sub-band for exclusive use,
i.e., �Dk

[m,n] ≥ �Dk
[l] for m = Γs(Dk), n = Γs(Dj) and

Dj , Dk ∈ Co. In other words, if D2D link Dk fails to realize
that the possible sub-band sharing with Dn can further improve
its payoff, it will choose sub-band l, which is not the sub-
band that can provide the highest payoff for Dk. To solve this
problem, each D2D link should again exploit its belief function
to derive an estimated payoff for each of the sub-bands of its
matched operator, i.e., suppose the request sent by Dk to opera-
tor i has been accepted. the estimated payoff of D2D link Dk

when it decides to send a request to sub-band l ∈ Si is given by

�̄Dk

(
BDk

(
φ−Dk

,Γ
)
, φs

Dk
= l, φo

Dk
= i

)
= max

φd
Dk

∈Co
�̄Dk

(
BDk

(
φ−Dk

,Γ
)
, φo

Dk
= i, φs

Dk
= l, φd

Dk

)
,

where �̄Dk
(BDk

(φ−Dk
,Γ), φo

Dk
= i, φs

Dk
= l, φd

Dk
) is given

in (6).
Following the same lines as the operator selection algorithm,

each D2D link Dk will decide its sub-band l by

φs
Dk

= arg max
l∈Si∪{∅}

�̄Dk

(
BDk

(
φ−Dk

)
, φs

Dk
= l, φo

Dk
= i

)
.

(10)

We refer to the above equation as the sub-band selection
algorithm.

We also introduce the conflict-solving rule of the sub-band
for each operator as follows: If two or more D2D links send a
request for the same sub-band, a conflict will happen. To solve



4044 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 14, NO. 7, JULY 2015

this conflict, the sub-band (or operator) will only allow the D2D
link that can provide the higher revenue to access the requested
sub-band.

We have the following results for the sub-band selection
algorithm.

Proposition 2: The sub-band selection algorithm and the
conflict-solving rule of sub-bands result in a unique and m-
stable matching between D2D links and sub-bands of their
chosen operator.

The above proposition follows the same line as Proposition 1,
and we omit the detailed proof.

C. D2D Selection Algorithm

If sharing sub-bands with cellular subscribers cannot provide
adequate payoff for some D2D links (e.g., some D2D links are
closely located to some cellular subscribers), they will be given
a sub-band for exclusive use and decide whether or not to share
the sub-band with other D2D links. In this case, the market will
no longer be a two-sided matching market, because each D2D
link can find a match with any other D2D link with exclusive
use of a sub-band in the entire network. We can then model the
problem as a one-sided one-to-one matching market which is
defined as follows:

Definition 10: We define the D2D selection market as a
one-sided one-to-one matching market with private belief G =
〈Co,B,
〉 where B is the belief function, and 
 is the pref-
erence of each D2D link over other D2D links with exclusive
sub-bands. We use Dm 
Dn

Dk to denote that Dn prefers Dm

to Dk.
Definition 11: A (one-sided one-to-one) matching Γd be-

tween two D2D links is a function from the set Co to itself
such that Γd(Dk) ∈ Co, Γd(Dn) ∈ Co, and Γd(Dk) = Dn ⇔
Γd(Dn) = Dk for every Dn, Dk ∈ Co.

Let us now discuss how to establish the preference for each
D2D link when spectrum sharing between two D2D links is
allowed in the cellular network. In this case, each D2D link
will also need to evaluate and rank its resulting payoffs when
sharing a sub-band with another D2D link that also has exclu-
sive access to a sub-band. One way to achieve this is to allow
the operators to help the D2D links with vacant sub-bands to
discover the existence of each other. As each BS always keeps
track of the sub-band allocation of D2D links, it always knows
which D2D links have been assigned to vacant sub-bands. The
BS can then broadcast this information to all the D2D links.
Each D2D link Dk ∈ Co occupying a previously vacant sub-
band can then use its belief function defined in (5) to calculate
the estimated payoff �̄Dk

(BDk
(φ−Dk

,Γ), φo
Dk

= i, φs
Dk

= l,

φd
Dk

= Dn) when it shares its sub-band l with each of other
D2D links (e.g., Dn) with exclusive use of sub-band m for
Dk 	= Dn and Dk, Dn ∈ Co. Each D2D link can establish its
preference about other D2D links with exclusive-use sub-bands
by ranking the estimated payoffs from the highest to the lowest
values.

Let us denote the preference of each D2D link Dk over
other D2D links with exclusive use of sub-bands as Rd

Dk
. We

use ṽmDk
to denote the mth preferred D2D link with exclusive

sub-band for Dk for ṽmDk
∈ Co. We can write Rd

Dk
as Rd

Dk
=

〈ṽ1Dk
, ṽ2Dk

, . . . , ṽ
|Co|
Dk

〉 where �̄Dk
(BDk

(φ−Dk
,Γ), φo

Dk
= i,

φs
Dk

= l, φd
Dk

= ṽmDk
) > �̄Dk

(BDk
(φ−Dk

,Γ), φo
Dk

= i, φs
Dk

=

l, φd
Dk

= ṽm+1
Dk

)∀ 1 ≤ m ≤ |Co| − 1. Note that if ṽmDk
= Dk

for m ≤ |Co| − 1, it means that Dk cannot obtain any payoff
improvement by sharing its sub-band with any D2D link in the
set {ṽm+1

Dk
, ṽm+2

Dk
, . . . , ṽ

|Co|
Dk

}.
As described in Example 1, in the D2D selection market,

there may not always exist an m-stable matching among all
D2D links with sub-bands for exclusive use. One of the main
reasons for this is the possible existence of rotations in the
resulting preferences. We hence need to find a way to remove
the rotations from the possible overlapping coalition agree-
ments. As observed in [6], [18], [22], [49], a stable match-
ing is associated with a unique set of rotations referred as
the observable rotations. Therefore, if the rotation detection
and removal sequence can be uniquely decided, the set of
observable rotations as well as the stable matching will also
be fixed. This problem can be solved by taking advantage of
the labeled identity of each D2D link. More specifically, in a
D2D communication network, each D2D link has a specific
commonly known identification number, referred to as a label,
that is used by other D2D links to recognize it. We can then
order all D2D links with exclusive sub-bands according to a
fixed sequence of their labels, i.e., we denote the ith ordered
D2D link as φ̃i and the vector of all the D2D links in C can be
denoted as φ̃ = 〈φ̃1, φ̃2, . . . , φ̃|Co|〉 for φ̃i ∈ Co.

Removing the rotations also requires communication among
D2D links with exclusive sub-bands. More specifically, each
D2D link will sequentially broadcast a rotation detection signal
to determine if a rotation-like sequence can be detected [6],
[18], [22], [49]. If a rotation has been detected, all D2D links
in the sequence of rotation will remove the rotation from their
preference list. If none of the preference lists of the D2D links
becomes empty after removing the rotations, each D2D link can
then match with its most preferred D2D link in its preference
list. Otherwise, no stable matching structure exists. We refer to
this algorithm as D2D Selection Algorithm. A detailed pseudo-
code of the roommate algorithm is given in [6, Figure 4.16].

We have the following results.
Proposition 3: Suppose φ̃ and the set Co of D2D links being

allocated vacant sub-bands for exclusive use are fixed. The D2D
selection algorithm either reports no m-stable matching exists
or generates a unique and m-stable matching structure.

Proof: See the proof of Proposition 3 in [1]. �
From the above proposition, if the D2D selection algorithm

reports a stable matching structure, we can claim the existence
of at least one stable matching structure. This can be regarded
as a sufficient condition for the existence of a stable matching
for the D2D spectrum sharing market. Note that this condition
is not necessary because if we change the labeling sequence of
D2D links, the resulting matching may also be changed.

D. A Belief Updating Algorithm

The three algorithms discussed in Sections VI-A to VI-C are
closely related to each other. More specifically, the matching
formed in the operator selection algorithm directly affects the
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sub-band selection and D2D sub-band sharing among D2D
links. Moreover, the results of sub-band and D2D selection
algorithms also affect the operator selection of the D2D links.
In addition, it is observed in Proposition 1 that if the decision
of every D2D link about which operator to send its request to
is fixed, the matching between the D2D links and operators
will be fixed too. According to Proposition 3, for each of the
fixed matchings between D2D link and operators, the sub-band
allocation that results from the sub-band selection algorithm is
also determined. Finally, if the sub-band allocation among D2D
links is fixed, the set of D2D links with exclusive use of sub-
bands will be fixed, too. In this case, the results of the D2D
selection algorithm will also be fixed. It is the belief functions
of all the D2D links that connect these three matching results.

In this subsection, we relax the previous assumption about
the fixed belief function of D2D links. We focus on a learning
algorithm for each D2D link to iteratively update its belief func-
tion according to its previous observations. In our model, each
D2D link can eavesdrop on the operators, sub-band and D2D
links requested by each of the other D2D links. We assume each
D2D link is myopic and hence can use a Dirichlet distribution to
model the uncertainty about the decisions of other D2D links as
well as the conflict-solving rules of operators and other D2D
links with sub-bands for exclusive use. We can hence apply
Bayesian reinforcement learning and use the following equation
to calculate the belief about each action of other D2D links at
the beginning of each time slot t,

BDk,t

(
φo

−Dk

)
= Pr

(
φo

−Dk
|φo

Dk
= i

)
=

θDk

(
φo

−Dk,t−1 = φo
−Dk

|φo
Dk,t−1 = i

)
θDk

(
φo
Dk,t−1 = i

) , (11)

where θDk
(φo

−Dk,t−1 = φo
−Dk

|φo
Dk,t−1 = i) =

∑
u∈{1,...,t−1}

1(φo
−Dk

[u] = φo
−Dk

|φo
Dk

[u] = i) is the number of times that
D2D link Dk observes the decisions of other D2D links
are equivalent to φo

−Dk
when its own decision is φo

Dk
= i

during the previous t− 1 time slots. θDk
(φo

Dk,t−1 = i) =∑
u∈{1,...,t−1}

1(φo
Dk

[u] = i) is the number of times Dk sends a

request to operator i during the previous t− 1 time slots.
Similarly, we can write the belief updating algorithm for

BDk
(Γo) as follows:

BDk,t (Γ
o) = Pr

(
Γo(Dk)|φo

−Dk
, φo

Dk
= i

)
=

θDk

(
Γo
t−1(Dk)=Γo(Dk)|φo

−Dk,t−1=φo
−Dk

, φo
Dk,t−1= i

)
θDk

(
φo

−Dk,t−1=φo
−Dk

, φo
Dk,t−1= i

) ,

(12)

where θDk
(Γo

t−1(Dk)=Γo(Dk)|φo
−Dk,t−1=φo

−Dk
, φo

Dk,t−1 =
i) is the number of times that Dk has been assigned operator
Γo(Dk) when the decision of Dk is φo

Dk
= i and the decisions

of other D2D links are equivalent to φo
−Dk

during the previous
t− 1 time slots.

The rest of the belief updating algorithm can be written in a
similar fashion:

BDk,t

(
φs

−Dk

)
=

θDk

(
φs

−Dk,t−1 = φs
−Dk

|Γo
t−1(Dk), φ

s
Dk,t−1 = φs

Dk

)
θDk

(
Γo
t−1(Dk), φs

Dk,t−1 = φs
Dk

) ,

(13)
BDk,t

(
Γs
−Dk

)

=

θDk

(
Γs
t−1(Dk) = Γs(Dk)|Γo

t−1(Dk),
φs
Dk,t−1 = φs

Dk
,φs

−Dk,t−1 = φs
−Dk

)
θDk

(
Γo
t−1(Dk), φ

s
Dk,t−1 = φs

Dk
,

φs
−Dk,t−1 = φs

−Dk

) , (14)

BDk,t

(
φd

−Dk

)

=

θDk

(
φd

−Dk,t−1 = φd
−Dk

|Γo
t−1(Dk),Γ

s
t−1(Dk),

φd
Dk,t−1 = φd

Dk

)
θDk

(
Γo
t−1(Dk) = i,Γs

t−1(Dk),
φd
Dk,t−1 = φd

Dk

) ,

(15)
BDk,t

(
Γd
−Dk

)

=

θDk

(
Γd
t−1(Dk) = Γd(Dk)|Γo

t−1(Dk),Γ
s
t−1(Dk),

φd
Dk,t−1 = φd

Dk,
,φd

−Dk,t−1 = φd
−Dk

)
θDk

(
Γo
t−1(Dk),Γ

s
t−1(Dk), φ

d
Dk,t−1 = φd

Dk,
,

φd
−Dk,t−1 = φd

−Dk

) .

(16)

After updating its beliefs, each D2D link uses equation (7) to
choose its action.

We can now describe the hierarchical matching algorithm
as follows: At the beginning of each time slot, every D2D link
chooses φo

Dk
using (9). After being matched with the operators,

each D2D link chooses φs
Dk

using (10). If a D2D link has been
matched with a sub-band for exclusive use, it uses the D2D
sub-band sharing algorithm to decide its sub-band sharing
partner. After all D2D links choose their sub-bands and sub-
band sharing partners, they use (11)–(16) to update their beliefs
and then use the updated belief function to find their matching
during the next time slot.

We now show that the results in Proposition 3 also hold if all
the D2D links use the belief updating algorithm in (7). We have
the following result about the proposed hierarchical matching
algorithm.

Theorem 1: We have the following results:

1) For the resulting belief function of each D2D link, the
matching structure achieved by the hierarchical matching
algorithm is equivalent to the overlapping coalition agree-
ment x∗∗ that is in the b-core of our proposed DCSS game
in Section V.

2) Suppose, in some time slot t, the overlapping coalition
agreement x[t] satisfies x[t] = x∗∗ where x∗∗ is the over-
lapping coalition agreement profile in the b-core based on
the true belief (the belief of each D2D link coincides with
the true probabilistic features of decisions made by other
D2D links and conflict-solving rules of operators and D2D
links with exclusive sub-bands) of every D2D link. Then
x[τ ] = x∗, ∀ τ > t.



4046 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 14, NO. 7, JULY 2015

Proof: First, let us consider the first result. It can be
easily observed that if every D2D link Dk can predict the true
beliefs of other D2D links, all D2D links can establish the true
preferences and use the operator selection algorithm to obtain
a unique and stable matching. The D2D links can then use
the D2D selection algorithm to generate the unique and stable
overlapping coalition agreement. In other words, the resulting
coalition formation structure is stable and deterministic for
every resulting belief function of D2D links.

We now consider the second result. If x[t] = x∗∗ in time slot
t, we then have �Dk

(x∗∗) > �Dk
(x′) for x′ is not in the core

where �Dk
(x) is the payoff of Dk obtained in the sub-band

allocated in overlapping coalition agreement x. Let us show
that in the next time slot t+ 1, each D2D link will stick with
x∗∗ and will not change to other decisions. In time slot t+ 1,
D2D link Dk will update its belief by BDk,t+1(φ−Dk

,Γ) =
αBDk,t(φ−Dk

,Γ) + (1− α)1(φDk,t+1 = φ∗∗
Dk

), where α =
t

t+1 and φ∗∗
Dk

is the decision of Dk that results in x∗∗. We then
can rewrite the updated payoff function of Dk as

�̄Dk,t+1 = α�̄Dk

(
φDk,t,φ−Dk,t, BDk,t

)
+ (1− α)�̄Dk,t+1

(
φDk,t+1,φ−Dk,t+1, BDk,t+1

)
,

which is a linear combination of �̄Dk,t and �̄Dk,t+1. It can be
easily observed that choosing φDk,t+1 = φDk,t = φ∗∗

Dk
maxi-

mizes both payoff functions of D2D link Dk. This process will
be repeated in each of the remaining time slots. �

Proposition 4: For each resulting belief function, the com-
plexity of our hierarchical matching algorithm in the worst case
is O(NK4L2) where N = maxi∈O{|Ki|}.

Proof: Suppose the belief function of each D2D link has
been updated. All D2D links need to first send requests to their
preferred operators. According to the conflict-solving rules of
the operator, the request sent by a D2D link Dk to operator i
can be rejected if operator i has already received qi or more
requests from other D2D links that are preferred by operator i.
In the worst case, each of the K D2D links will send requests
and be rejected by each of its most preferred (L− 1) operators
before an operator accepts its request. This results in K(L− 1)
complexity. Similarly, according to the conflict-solving rule for
the sub-bands, each D2D link being accepted by each operator i
can also be rejected for each of the |Si| − 1 sub-bands. This re-
sults in another (|Ci‖Si| − 1) complexity for each operator. Ac-
cording to [6], the D2D selection algorithm for D2D links in set
Co will result in a complexity of O(|Co|2). We hence can claim
that the final complexity for each resulting belief function is
given by O(K(L− 1) ·

∑
i∈O{|Ci|(|Si| − 1)} · |Co|2). Using

the fact that |Ci| ≤ K, |Si| ≤ N and |Co| ≤ K, we obtain the
complexity O(NK4L2) for our proposed algorithm for each
resulting belief function. �

VII. NUMERICAL RESULTS

In this section, we first describe how to implement our
proposed algorithm in LTE-Advanced network systems and
then present the numerical results to verify the performance
improvement that can be brought by our proposed algorithms.

In a D2D communication system, it is critical for the source
and destination of each D2D link to determine each other’s
availability and ensure they are located within direct commu-
nication range. This requires all the potential D2D sources and
destinations to first go through a peer device discovery process
[26]. This peer device discovery can be either implemented
with limited or full control from the operators through the BS
as described in [30]. In the limited control approach, each BS
periodically broadcasts the set of available vacant and occupied
sub-bands that can be used by the D2D links. Each D2D
link can then use the received broadcast signal to establish
its preference about the operators and then submit a request
for the operator and sub-band according to its preference. In
the full control approach, each D2D link will simply send a
D2D communication request to the BS and the BS will decide
the required modes and communication parameters for each
D2D link.

In this section, we compare the following four D2D spectrum
sharing approaches.

1) Random Allocation: D2D links randomly choose opera-
tors, modes and sub-bands. In this case, we only allow
each D2D link to use modes M1–M3. This is equivalent
to the existing D2D communications in cellular networks
without using the optimal mode selection approach stud-
ied in [26].

2) Random Operator Allocation: each D2D link Dk ran-
domly picks an operator and then uses the sub-band se-
lection algorithm to decide its modes and sub-bands. We
again limit each D2D link to choose from modes M1–M3.
Therefore, this method is equivalent to the existing D2D
communications in cellular networks where each D2D link
randomly chooses an operator and then selects the optimal
mode introduced in [26].

3) Hierarchical Allocation: all D2D links use the operator se-
lection algorithm to choose the optimal operators and then
use the sub-band selection algorithm to decide the mode
and sub-bands. Again, we assume each D2D link can only
choose from modes M1–M3. This method is equivalent
to the existing D2D communications in cellular networks
where each D2D link chooses the optimal operator and
then chooses the optimal mode.

4) Hierarchical Allocation with Overlaps: D2D links use the
hierarchical matching algorithm to decide their optimal
operator, mode and sub-band. Note that in this approach,
each D2D link can choose from modes M1–M4.

Note that, as we have proved in Section VI-D, if the D2D
links can update their belief functions using (11)–(16), the
overlapping coalition agreement of D2D links can converge to a
unique and stable structure. In the rest of this section, we focus
on the case where D2D links have already updated their belief
functions. We will discuss the convergence rate of the belief
updating algorithm at the end of this section.

Let us consider a cellular system consisting of multiple
operators randomly located in the center region of a square-
shaped coverage area, as shown in Fig. 3. Each operator has a
set of cellular subscribers using its spectrum, which can also
be shared with a number of D2D links. D2D links and cellular
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Fig. 3. Simulation setup: we use � to denote operators, � to denote cellular
subscribers, blue lines to denote the D2D links, blue © to denote D2D
transmitters and black © to denote D2D receivers.

Fig. 4. The total payoff of D2D links under different coverage area sizes (L =
5,K = 100, |J i| = 20 ∀ i ∈ O).

subscribers are uniformly randomly located in the entire cover-
age area. To simplify our discussion, we focus on the downlink
transmission and assume each D2D link consists of a source
and a destination. In a practical system, D2D communication
should only be enabled when the source and destination are
close to each other. We hence assume each destination is
uniformly randomly located within a fixed radius (20 meters
in our simulation) of the corresponding source. We consider
the payoff of D2D links defined in (1)–(3) and let the channel
gain between two D2D links Dk and Dn and one D2D link

Dk and one cellular subscriber P i
j be hDnDk

=
h̃DnDk√
dσ
DnDk

and

hP i
j
Dk

=
h̃
Pi
j
Dk√

dσ

Pi
j
Dk

, respectively, where h̃DnDk
and h̃P i

j
Dk

are

the channel fading coefficients following the Rayleigh random
distribution, dDnDk

and dσ
P i

j
Dk

are the distance between Dn

and Dk and P i
j and Dk, respectively, and σ is the pathloss

exponent.
In Fig. 4, we fix the number of operators, cellular subscribers

and D2D links and present the total payoff of D2D links under
different lengths of the side of the square-shaped coverage area
with a range from 100 to 1000 meters. Our considered coverage
area covers femtocell, pico-cellular (< 200 meters), micro-

Fig. 5. The number of D2D and cellular or D2D and D2D spectrum sharing
pairs for different coverage area sizes (L = 5,K = 100, |J i| = 20 ∀ i ∈ O).

cellular (> 200 meters), and macro-cellular (> 1000 meters)
systems [31]. We observe that the random allocation method
achieves the worst payoff among all the methods. Even under
the case that each D2D link cannot establish a preference list for
the operators but chooses its operator randomly, the payoff of
the D2D link can be improved by applying the sub-band alloca-
tion algorithm (sub-band selection algorithm in Section VI-B).
If we further allow each D2D link to decide its operator using
the operator selection market proposed in Section VI-A, the
payoff of each D2D link can be further improved. We also ob-
serve significant performance improvement by allowing spec-
trum sharing among D2D links with exclusive sub-bands. This
is because the chance for each D2D link with an exclusive-use
sub-band to find a suitable sub-band sharing partner increases
with the total number of D2D links with sub-bands for exclusive
use. If two D2D links with small or even negligible cross-
interference can be matched with each other (e.g., two D2D
links that are far from each other), the payoff obtained by each
of the matching D2D links can be significantly improved. In
other words, in a large coverage area with uniformly randomly
located D2D links, each D2D link will learn the fact that
applying for a exclusive-use sub-band for exclusive use at first
and then sharing with another D2D link with vacant sub-bands
with small cross-interference can maximize its payoff. Note
that in our simulation, we assume each D2D link can always
obtain a dedicated sub-band for exclusive use if sharing sub-
bands with cellular subscribers cannot achieve a higher payoff.
However, in many practical scenarios, the number of vacant
sub-bands is limited. In this case, some of the D2D links can
only choose between mode M2 and mode M3. In other words,
our simulation results of hierarchical allocation with overlaps
can be regarded as the upper bound of the payoff achieved
by D2D links when they share sub-bands with the cellular
networks.

To compare the spectrum sharing capacity in terms of the
total number of D2D links that can be supported by the ex-
isting cellular system, we present the number of valid spec-
trum sharing pairs formed between a D2D link and a cellular
subscriber or two D2D links in Fig. 5. We observe that the
hierarchical allocation approaches with and without overlaps
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Fig. 6. The number of D2D and cellular or D2D and D2D spectrum sharing
pairs for different minimum required data rate (kbits per second) (L = 5,K =
100, |J i| = 20 ∀ i ∈ O).

can almost double the spectrum sharing capacity, especially in
the femtocell or pico-cell cases (coverage length < 200 meters).
This is because when the coverage area becomes small, the
cross-interference between the spectrum sharing D2D links and
cellular subscribers becomes critical and, in this case, choosing
the operator serving the cellular subscribers that are far from
each D2D link becomes important to improve the spectrum
sharing capacity of the systems.

We study the spectrum sharing capacity of the DCSS system
under different minimum required data rate per spectrum price
in Fig. 6. We observe that if each D2D link only requires a data
rate below 64 kbps, almost every D2D link can find another
cellular subscriber or D2D link to share the spectrum with.
However, the spectrum sharing capacity is dramatically de-
creased when the required data rate for each D2D link exceeds
96 kbps. Furthermore, using the hierarchical allocation with
overlaps approach cannot provide any extra capacity improve-
ment for hierarchical allocation if the required minimum data
rate becomes larger than 128 kbps. This is because the cross in-
terference between D2D and cellular communication becomes
significant when both D2D links and cellular subscriber raise
their transmit powers to support high transmit data rates. Note
that, in our simulation, we assume the transmit powers of both
D2D links and cellular subscribers are constants and hence the
performance of D2D links can be further improved by using
optimal transmit powers as shown in [9], [31], [50], [51].

In Fig. 7, we fix the number of D2D links and cellular sub-
scribers and consider the payoffs of D2D links under different
numbers of operators. It is observed that the payoffs of the D2D
links increase with the number of operators when using the hier-
archical allocation method. This is because with the increasing
number of operators, selecting the proper operators becomes
more and more important for each D2D link. However, if we
only allow each D2D link to randomly select the operators,
the payoff of the D2D links with the random operator selection
will approach that of a random allocation method without any
optimization.

Fig. 7. The total payoff of D2D links for different numbers of operators (K =
120, |J | = 120).

Fig. 8. The total payoff of D2D links for different numbers of cellular sub-
scribers for each operator (L = 5,K = 100).

We fix the number of operators and cellular subscribers to
compare the payoffs of D2D links with different numbers of
cellular subscribers in Fig. 8. It is observed that the payoff of
the D2D links increases with the number of cellular subscribers.
This is because the cost to the D2D links of accessing an
exclusive-use sub-band is higher than that of sharing a sub-
band with a cellular subscriber. As the number of subscribers
increases, there are more opportunities for D2D links to pair
with such subscribers. In addition, the payoff of the hierarchical
allocation increases at a faster speed than that of random
operator allocation when the number of cellular subscribers to
each operator increases.

In Fig. 9, we fix the number of operators and cellular sub-
scribers and consider the total payoff of D2D links, varying the
number of D2D links in the coverage area. We observe that
if the number of D2D links is small, most of the D2D links
can find cellular subscribers to share spectrum with and hence
allowing spectrum sharing between D2D links with exclu-
sive sub-bands (i.e., hierarchical allocation with overlaps) can-
not provide any payoff improvement. However, continuously
increasing the number of D2D links provides more choices
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Fig. 9. The total payoff of D2D links for different numbers of D2D links (L =
5, |J i| = 20 ∀ i ∈ O).

Fig. 10. The convergence rate of payoffs of two D2D links using the belief
updating algorithm.

for each D2D link with an exclusive sub-band when it wants
to share its sub-band with other D2D links using the D2D
selection market.

The convergence of the belief updating algorithm is illus-
trated in Fig. 10, where we select two D2D links and present
their payoffs with hierarchical allocation with overlaps for
different iterations. It can be observed that the payoffs of the
chosen D2D links can converge to a relatively stable state after
the initial fluctuations of the training period.

VIII. CONCLUDING REMARKS AND FUTURE WORKS

In this paper, we have considered the spectrum sharing
problem between multiple D2D links and a cellular network
with multiple operators. We have developed a BOCF game
framework to analyze this problem. In our proposed framework,
each D2D link will first decide which operator’s spectrum it
wants to access. All the D2D links being assigned the same
operator can be regarded as a coalition and then compete
for the available sub-bands controlled by the corresponding
operator. Each D2D link can also apply for a vacant sub-band
for exclusive use. If there are two or more D2D links with
sub-bands for exclusive use, they can further improve their

performance by sharing their sub-bands with each other. We
propose a hierarchical framework based on a stable matching
market to derive a sufficient condition for the core of the BOCF
game to be non-empty. We introduce a distributed hierarchical
matching algorithm to detect whether the sufficient condition
is satisfied and, if satisfied, leads to an overlapping coalition
agreement profile that is in the b-core of the game. Numerical
results show that our proposed hierarchical matching algorithm
can achieve significant performance improvement especially in
a large coverage area with a large number of D2D links.

Both the BOCF game framework and the hierarchical match-
ing algorithm can be directly applied to more complex systems.
For example, if we also allow three or more D2D links with
exclusive sub-bands to share their sub-bands with each other,
the overlapping actions of each coalition should consist of all
the combinations among the D2D links with vacant sub-bands.
Each D2D link will then need to establish a belief function over
all the possible combinations between itself and subsets of other
D2D links with exclusive sub-bands. Using this belief function,
each D2D link will then send the sub-band sharing requests to
a group of D2D links which, according to their belief functions,
will accept the request and share their sub-band with each other.
Another case that can be directly extended from our proposed
hierarchical matching algorithm is that of two or more D2D
links sharing the same sub-band with cellular subscribers. In
our model, we model the sub-band selection problem as a one-
sided one-to-one matching market in which each D2D link can
only be matched with one sub-band. However, if we model
the sub-band selection problem as a one-sided many-to-one
matching market as discussed in Section VI-A, each sub-band
and its associated cellular subscribers can then be matched with
multiple D2D links.

Our work in this paper also opens multiple future directions.
One future direction of our research is to study whether it is
possible for the operators to also establish and maintain the
beliefs about D2D links to further improve their revenues. More
specifically, in our model, we mainly focus on the distributed
optimization of D2D links and assume the conflict-solving rules
of the operators and the D2D links with vacant sub-bands for
exclusive use are fixed. It has already been proved in [18], [52],
for a two-sided matching market that it is possible for the opera-
tors to adjust their conflict-solving rules to further improve their
performance. Another potential direction for future research
is to study the effects of allowing partial payment transfers
between operators or D2D links on the performance of both
D2D links and cellular network systems [53], [54].
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